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ROTATIONAL VIRTUAL KNOTS AND QUANTUM LINK
INVARIANTS
LOUIS H. KAUFFMAN
Abstract. This paper studies rotational virtual knot theory and its relationship with
quantum link invariants. Every quantum link invariant for classical knots and links
extends to an invariant of rotational virtual knots and links. We give examples of non-
trivial rotational virtual links that are undetectable by quantum invariants.
1. Introduction
This paper studies rotational virtual knot theory and its relationship with quantum
link invariants. Every quantum link invariant for classical knots and links extends to an
invariant of rotational virtual knots and links.
Virtual knot theory [12, 13, 14, 17] can be described diagrammatically in terms of classi-
cal diagrams with an extra crossing type (a virtual crossing) that is neither an over nor an
under crossing. The virtual crossing is an artifact of the planar or spherical representation
of the virtual knot or link. Along with the Reidemeister moves, one adds a detour move
that allows one to reroute consecutive sequences of virtual crossings. In standard virtual
knot theory any rerouting is allowed. In rotational virtual knot theory the rerouting is
restricted to regular homotopy of immersed curves in the plane or on the surface of the
two dimensional sphere. It turns out that this restriction is in exact accord with extend-
ing quantum link invariants for classical links to quantum link invariants for rotational
virtual links. This means that rotational virtual links are a mathematical testing ground
for the properties of quantum link invariants.
In this paper we illustrate a number of ideas and examples in the relationship of virtual,
rotational virtual and quantum link invariants. Section 2 is a review of basics about vir-
tual knot theory. In Section 3 we define surface genus for both virtual links and rotational
virtual links. We show how the Kauffman bracket polynomial naturally generalizes to a
non-trivial rotational invariant both by combinatorial definition and in the context of its
modeling as a quantum link invariant. We examine another bracket, the binary bracket
and show how in this case it has a model as a quantum link invariant that in fact ex-
tends to an invariant of all virtual knots and links. Nevertheless, there is a combinatorial
extension of the binary bracket to a non-trivial rotational invariant. We also show how
the Manturov parity bracket for standard virtuals extends to an invariant of rotational
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virtuals, and we prove an Irreducibilty Theorem (Section 3.3) that says that if a virtual
diagram has all of its crossings of odd parity, then it can be modified (by adding flat
virtual curls) so that it is an irreducible non-trivial rotational diagram. This allows the
calculation of the rotational genus of the modified diagram in terms of the diagram itself.
Essentially, after modification, the odd diagrams become their own rotational invariants.
Then we go on to detail the construction of oriented quantum link invariants for both
classical and rotational virtual knots and links (Section 5) and end this section with the
extension of the Homflypt polynomial. A question is raised about the relationship of
these extensions with the Khovanov-Rozansky categorification of specializations of the
Homflypt polynomial.
The paper ends with a section on quantum link invariants in the Hopf algebra frame-
work where one can see the naturality of using regular homotopy combined with virtual
crossings (permutation operators), as they occur significantly in the category associated
with a Hopf algebra. We show how this approach via categories and quantum algebras
illuminates the structure of invariants that we have already described via state summa-
tions. In particular, we show in Figure 44 how the link of Figure 15 gets a non-trivial
functorial image, corresponding to its non-trivial rotational bracket invariant. We also
show that the link of Figure 16 has, in Figure 45, a trivial functorial image. This means
that not only is this link not detected by the rotational bracket polynomial, it is not
detected by any quantum invariant formulated as outlined in this section. The link of
Figure 16 is a non-trivial rotational link, as we show in Section 3.3 by using a parity tech-
nique. These calculations with the diagrammatic images in quantum algebra category
show how this category forms a higher level language for understanding rotational virtual
knots and links. There are inherent limitations to studying rotational virtual knots by
quantum algebra alone.
This paper is partly expository in its intent and contains many new results. Our inten-
tion is that this paper can be a springboard for many further investigations into rotational
virtual knot theory and quantum invariants.
2. Virtual Knot Theory
Knot theory studies the embeddings of curves in three-dimensional space. Virtual knot
theory studies the embeddings of curves in thickened surfaces of arbitrary genus, up to
the addition and removal of empty handles from the surface. Virtual knots have a special
diagrammatic theory, described below. Classical knot theory embeds in virtual knot
theory.
In the diagrammatic theory of virtual knots one adds a virtual crossing (see Figure 1)
that is neither an over-crossing nor an under-crossing. A virtual crossing is represented
by two crossing segments with a small circle placed around the crossing point.
Moves on virtual diagrams generalize the Reidemeister moves for classical knot and
link diagrams. See Figure 1. Classical crossings interact with one another according
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to the usual Reidemeister moves, while virtual crossings are artifacts of the structure
in the plane. Adding the global detour move to the Reidemeister moves completes the
description of moves on virtual diagrams. In Figure 1 we illustrate a set of local moves
involving virtual crossings. The global detour move is a consequence of moves (B) and (C)
in Figure 1. The detour move is illustrated in Figure 2. Virtual knot and link diagrams
that can be connected by a finite sequence of these moves are said to be equivalent or
virtually isotopic.
A
B
C
RI
RII
RIII
vRI
vRII
vRIII
mixed
  RIII
planar
isotopy
Figure 1. Moves
Figure 2. Detour Move
F1 F2
Figure 3. Forbidden Moves
Another way to understand virtual diagrams is to regard them as representatives for
oriented Gauss codes [6], [12, 13] (Gauss diagrams). Such codes do not always have planar
realizations. An attempt to embed such a code in the plane leads to the production of the
virtual crossings. The detour move makes the particular choice of virtual crossings irrel-
evant. Virtual isotopy is the same as the equivalence relation generated on the collection
of oriented Gauss codes by abstract Reidemeister moves on these codes.
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Figure 3 illustrates the two forbidden moves. Neither of these follows from Reidmeister
moves plus detour move, and indeed it is not hard to construct examples of virtual knots
that are non-trivial, but will become unknotted on the application of one or both of the
forbidden moves. The forbidden moves change the structure of the Gauss code and, if
desired, must be considered separately from the virtual knot theory proper.
2.1. Interpretation of Virtuals Links as Stable Classes of Links in Thickened
Surfaces. There is a useful topological interpretation [12, 14, 1] for this virtual theory
in terms of embeddings of links in thickened surfaces. Regard each virtual crossing as a
shorthand for a detour of one of the arcs in the crossing through a 1-handle that has been
attached to the 2-sphere of the original diagram. By interpreting each virtual crossing in
this way, we obtain an embedding of a collection of circles into a thickened surface Sg×R
where g is the number of virtual crossings in the original diagram L, Sg is a compact
oriented surface of genus g and R denotes the real line. We say that two such surface
embeddings are stably equivalent if one can be obtained from another by isotopy in the
thickened surfaces, homeomorphisms of the surfaces and the addition or subtraction of
empty handles (i.e. the knot does not go through the handle). See Figure 4 for an il-
lustration of the relationship of virtual diagrams with diagrams in surfaces, and with the
Gauss code representation.
1 2
1212
Bare Gauss Code
O1+U2+U1+O2+
Full Gauss Code
Figure 4. Surface Representation
We have the
Theorem 1 [12, 14, 14, 1]. Two virtual link diagrams are isotopic if and only if their
corresponding surface embeddings are stably equivalent.
The reader will find more information about this correspondence [12, 14] in other papers
by the author and in the literature of virtual knot theory.
2.2. Review of the Bracket Polynomial for Virtual Knots. In this section we recall
how the bracket state summation model [11] for the Jones polynomial is defined for virtual
knots and links.
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The bracket polynomial [11] model for the Jones polynomial [7, 8, 9, 39] is usually
described by the expansion
(1) 〈 〉 = A〈 〉+ A−1〈 〉
and we have
(2) 〈K©〉 = (−A2 − A−2)〈K〉
(3) 〈 〉 = (−A3)〈 〉
(4) 〈 〉 = (−A−3)〈 〉
We call a diagram in the plane purely virtual if the only crossings in the diagram are
virtual crossings. Each purely virtual diagram is equivalent by the virtual moves to a
disjoint collection of circles in the plane.
A state S of a link diagram K is obtained by choosing a smoothing for each crossing in
the diagram and labelling that smoothing with either A or A−1 according to the convention
indicated in the bracket expansion above. Then, given a state S, one has the evaluation
< K|S > equal to the product of the labels at the smoothings, and one has the evaluation
||S|| equal to the number of loops in the state (the smoothings produce purely virtual
diagrams). One then has the formula
< K >= ΣS < K|S > d
||S||−1
where the summation runs over the states S of the diagram K, and d = −A2 − A−2.
This state summation is invariant under all classical and virtual moves except the first
Reidemeister move. The bracket polynomial is normalized to an invariant fK(A) of all
the moves by the formula fK(A) = (−A
3)−w(K) < K > where w(K) is the writhe of the
(now) oriented diagram K. The writhe is the sum of the orientation signs (±1) of the
crossings of the diagram. The Jones polynomial, VK(t) is given in terms of this model by
the formula
VK(t) = fK(t
−1/4).
This definition is a direct generalization to the virtual category of the state sum model
for the original Jones polynomial. It is straightforward to verify the invariances stated
above. In this way one has the Jones polynomial for virtual knots and links.
We have [14] the
Theorem. To each non-trivial classical knot diagram of one component K there is a
corresponding non-trivial virtual knot diagram V irt(K) with unit Jones polynomial.
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The main ideas behind this theorem are indicated in Figure 5 and Figure 6. In Figure 5
we indicate the virtualization operation that replaces a classical crossing by using two
virtual crossings and changing the implicit orientation of the classical crossing. We also
show how the bracket polynomial sees this operation as though the crossing had been
switched in the classical knot. Thus, if we virtualize the set of classical crossings whose
switching will unknot the knot, then the virtualized knot will have unit Jones polynomial.
On the other hand, the virtualization is invisible to the quandle, as shown in Figure 6.
This implies (by properties of the quandle) that virtual knots obtained in this way from
classical non-trivial knots will themselves be non-trivial. In fact, such knots are non-
classical [5].
~
i v(i)
s(i)
smooth
< > = ><
= < >
Figure 5. Virtualizing a Crossing and Crossing Switches
a
b
ab
a
b
ab
IQ( ) = IQ( )
Figure 6. Quandle Invariance Under Virtualization
It is an open problem whether there are classical knots (actually knotted) having unit
Jones polynomial. Examples produced by virtualization are guaranteed to be non-trivial.
It is more difficult to prove in general [5] or even in special cases that such virtualizations
are non-classical. This has led to the discovery of new invariants for virtual knots.
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3. Rotational Virtual Knot Theory
In rotational virtual knot theory (introduced in [12] ) the detour move is restricted to
regular homotopy of plane curves. This means that the virtual curl of Figure 1 can not
be directly simplified, but two opposite virtual curls can be created or destroyed by using
the Whitney Trick of Figure 9. Another way to put this is to say that rotational virtual
knot theory is virtual knot theory without the first virtual move (thus one does not allow
the addition or deletion of a virtual curl).
If we wish to take advantage of the integral Whitney degree of plane curves, then di-
agrams are represented in the surface of plane so that we can distinguish clockwise from
counterclockwise rotations. For many purposes this is preferable. In some cases we use
the 2–sphere, and use the equivalence classes of immersed curves up to regular isotopy in
the 2–sphere. These classes are in correspondence with the absolute values of the Whitney
degree of corresponding plane curve immersions.
See Figure 10 for an example of a rotational virtual knot. The rotational version of
virtual knot theory is significant because all quantum link invariants originally defined for
classical links extend to rotational virtual knot theory. We sketch this relationship now
and then devote the later sections of the paper to it in more detail. See Figure 26 where we
indicate how a quantum link invariant depends on matrices or operators assigned to each
crossing and each maximum and minimum of the diagram. One extends this to virtual
crossings by using a crossed identity operator ( a transposition) at the virtual crossings.
A maximum or minimum composed with a permutation (virtual crossing) forms a virtual
curl. Since a non-trivial operator for a maximum or a minimum may not be invariant
under permutation, the quantum calculation may not be invariant under the removal of
virtual curls. This theory has been begun in [12, 16]. We carry it further here. In the
next section we discuss quantum link invariants from the beginning.
The extension by a crossed identity operator for virtual crossings is the simplest way
to handle a quantum link invariant for virtual knots and links. We can use more complex
operators at a virtual crossing, and sometimes the addition of such a virtual operator
can transform the invariant into one that is invariant under the first virtual move. We
will discuss examples of this kind at the end of Section 5. Thus in some cases we obtain
invariants of virtual knots by extension from quantum invariants of classical knots.
3.1. Genus of Rotational Virtual Knots and Links. Since standard virtual knots
and links can be represented as classical diagrams on oriented surfaces (or equivalently as
embeddings in thickened surfaces) every virtual knot or link has a representation of least
genus. Classical knots and links are those with least genus equal to zero. In Figure 7 we
illustrate a process for estimating the genus of a virtual link, by determining the genus of
its diagram. In this figure we show how to form a ribbon neighborhood N(K) of a given
virtual diagram K that makes K a classical diagram in the surface formed by N(K).
This surface is a surface with L(K) boundary components. We can then add discs to
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the boundary components of N(K) to form a closed surface S(K) in which K lives as a
classical diagram. We define for the diagram K, the diagram genus g(K) = genus(S(K)).
The virtual genus vg(K) is the minimum of g(D) over all (virtual) diagrams D that are
virtually isotopic to K. It is of interest to note that
g(K) = 1 + (V (K)− L(K))/2,
where V (K) denotes the number of classical crossings in the diagram K and L(K) is
the number of boundary loops in N(K). We omit the proof of this result. It is an Euler
characteristic calculation.
If K is regarded as a rotational virtual link diagram, then g(K) = 1+(V (K)−L(K))/2
is still defined by the same process of forming N(K) as in Figure 7 , but the set of di-
agrams D that are rotationally equivalent to K is putatively smaller than the full set of
diagrams virtually isotopic to K. Accordingly, we define the rotational genus of a virtual
diagram K to be Rg(K), the minimum of g(D) over all virtual diagrams D that are rota-
tionally equivalent to K. In Figure 8 we illustrate a virtual diagram K ′ that is rotationally
non-trivial, as we shall prove in the next section and has Rg(K ′) = 1. As a virtual knot
K ′ is trivial, but as a rotational virtual knot, K ′ is non-trivial and has genus equal to one.
Later in the paper, we will see other examples where one can determine the rotational
genus of a virtual diagram.
Remark. It is worth noting that when we convert a rotational virtual diagram to a sur-
face with boundary and embedded link (a so-called abstract link diagram) as in Figure 8
then the bands in the abstract link diagram may acquire curls as indicated in that Figure.
If we keep track of these curls, as a kind of framing on the abstract link diagrams, then this
is equivalent to working in the rotational virtual category. Furthermore, as in Figure 7,
an abstract link diagram obtained from a particular embedded surface representation of
a virtual knot may acquire a similar framing structure. This points to geometric and
framing possibilities for rotational virtuals. This approach will be taken up in a separate
publication.
3.2. The Rotational Bracket Polynomial. In this section we shall examine a direct
model of the the bracket polynomial that gives information about rotational virtual knots
and links. We formulate [12] a version of the bracket polynomial for rotational virtuals
that assigns variables according to the Whitney degree of state curves. For rotational
virtuals we extend the bracket just as we did for virtual knots and links except that the
state curves are now disjoint unions in the plane of curves that have only virtual self-
intersections, and are taken up to regular homotopy in the 2–sphere (we can also use the
plane, but for convenience we use the 2–sphere in this section and so can use unoriented
diagrams). We can take regular homotopy of curves to mean that the flat virtual versions
of the second and third Reidemeister moves are allowed; regular homotopy is the equiva-
lence relation generated by these moves and planar homeomorphisms.
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K
N(K)
S(K)
V(K) = 2
L(K) =F(K) = 2
g(K) = 1
g = 1 + (V - L)/2
Figure 7. Genus of Virtual Diagrams
K' N(K')
V=2, L = 2, g = 1+(V-L)/2 = 1.
G(K')
G(K') irreducible implies that
Rotg(K') = 1.
Figure 8. Genus of Rotational Virtual Diagrams
We shall use the same notation, < K >, for the rotational bracket, but it is understood
that the detour moves are taken up to regular isotopy and that there is no given invariance
under removal or addition of a virtual curl. When we expand the bracket we obtain a
state sum of the form
< K >= ΣS < K|S > [S]
where the summation is over all states obtained by smoothing every crossing in the virtual
diagram K and < K|S > is the product of the weights A and A−1 just as before. An
empty loop with no virtual crossings (in its virtual equivalence class) will be evaluated as
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d = −A2−A−2. The symbol [S] is the class of the state S. By the class of the state we mean
its equivalence class up to virtual rotational equivalence. This means that each state loop
is taken as a regular homotopy class (in the 2–sphere). These individual classes are in 1-1
correspondence with the non-negative integers (for the 2–sphere), as shown in Figure 9
(via the Whitney trick and the winding degree of the plane curves), and can be handled by
using combinatorial regular isotopy as in [20]. A configuration of loops (possibly nested)
is equivalent to a disjoint union of adjacent loops. We can thus regard each virtual loop
as a variable dn where n is 0 or a positive integer and d1 = d−1 = −A
2 − A−2. We may
use diagrams for d0 and d2 as shown below:
d0 = , d2 = .
Here we give examples of a computation of < K > for a rotational virtual knot in
Figure 10. For the knot K in this figure, we show the computation of the raw rotational
bracket with variables A,B, d. The result is
< K >= (A2 +B2 + AB)d+ AB[ ]2 = (A2 +B2 + AB)d+ ABd20.
The reader will note that in this example, even if we let A = −1 = B and d = −2 the
invariant is still non-trivial due to the appearance of the two loops with Whitney degree
zero. Thus the example in Figure 10 also gives a non-trivial flat rotational virtual knot.
In [17] we consider cobordism of rotational virtual knots, but we shall not discuss that
aspect in this paper.
In Figures 11 and 12 we show the calculation of the raw rotational bracket for a virtual
knot whose ordinary normalized bracket is one. (It is a virtual knot with unit Jones
polynomial.) We see that the result gives a non trivial rotational bracket when we take
B = A−1 and d = −A2 − A−2.
In Figure 13 we show how to calculate the rotational bracket for a family of links and
we show that for the choice B = A−1 and d = −A2−A−2 the polynomials are of the form
< Ln >= [ ]
n.
This means that the rotational bracket does not distinguish these links from unlinks with
the same components. We shall return to the problem of detecting these links later in the
paper.
In Figures 14, 15, 16, 17 and 18 we calculate the bracket for links respectively labeled
L1, L2, L3, L4, L5.
< L1 >=< L2 >= −d
2 +
2
+ .
< L3 >= d .
< L4 >= d
2.
While L1 and L2 have the same bracket invariant, they are distinct links. The cal-
culations show that they are both non-trivial. Neither L3 nor L4 are distinguished from
their corresponding split links but neither of them is a split rotational link. (These results
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Whitney Trick - all crossings are virtual.
0-1
-2
1 2 3
Immersed circles and their Whitney degrees.
Figure 9. Whitney Trick and Whitney Degrees
K
A B
B
B
A
A
A
B
[K] = (AA + BB + AB)d   +  AB [ ]
Figure 10. Bracket Expansion of a Rotational Virtual Knot
are proved in Section 3.3 by using the techniques of the parity bracket described in that
section.) The result for < L5 > is indicated in Figure 18. This calculation verifies the
non-triviality of L5. More information about these links may come from other quantum
link invariants. We will investigate these examples more deeply in a sequel to this paper.
3.3. Parity Bracket Polynomial for Rotational Virtuals. We now generalize the
Parity Bracket Polynomial of Vassily Manturov [38, 34, 35, 36, 37] to rotational virtuals.
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A
+
+ B
A + B
(A+Bd)
2A (2AB + B   d)2
2A d + (2AB + B   d)2
Figure 11. Expanding a Tangle
A B
=
A( 2A d + (2AB + B   d)2 )+B
+
Figure 12. Evaluation of Rotational Bracket on a Virtual Knot
A2
AB
AB
B2
=
=
=
=
< > =
< > [ ]
< > [ ]= 4
Figure 13. Evaluation of Rotational Bracket on a Family of Links
This original parity bracket is a generalization of the bracket polynomial to virtual knots
and links that uses the parity of the crossings. In the discussion below, we give the def-
inition of the parity bracket for rotational virtuals. The definition is obtained by using
the regular homotopy detour move as in the case of the rotational bracket polynomial.
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A2
BA
AB
B2
A2
B2
AB
AB
< L  > = -d^2 + 
L
+
1
1
Figure 14. Evaluation of Rotational Bracket on a Link L1
A2
BA
AB
B2
A2
B2
AB
AB
L
< L  > = -d^2 + +
2
2
Figure 15. Evaluation of Rotational Bracket on a Link L2
Thus there are end–states of the rotational bracket that have virtual crossings and these
can now occur in graphs with 4-valent nodes immersed in the plane or on the 2–sphere.
Recall that a non-virtual crossing X in a diagram is said to be even if, in the Gauss
word for the diagram, there are an even number of crossing labels (non-virtual) appearing
between the two occurrences of X in the code. A crossing with an odd number of such
occurrences is said to be odd. See Figure 19 for an example. In that diagram the code
word is ABACDBDC and we see that every crossing is odd. From now on, when we refer
to crossings it will be assumed that they are not virtual crossings unless so specified. For
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A2
BA
AB
B2
A2
B2
AB
AB
L
< L  > = d 
3
3
Figure 16. Evaluation of Rotational Bracket on a Link L3
A2
BA
AB
B2
A2
B2
AB
AB
L
< L  > = d^2
4
4
Figure 17. Evaluation of Rotational Bracket on a Link L4
another example, see Figure 21 where there are four odd crossings and one even crossing.
We define a rotational virtual graph to be a locally 4–regular graph that is immersed
in the plane or 2–sphere with multiple points for the immersion corresponding to virtual
crossings in the graph. Two such graphs are rotationally equivalent if one can be obtained
from the other by planar (or 2-sphere) isotopy coupled with regular homotopy detour
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L
< L  > = (A^4 d^2 + A^(-4) d^2)
+(2A^2 d + 2A^(-2)d)
+(2A^2 + 2A^(-2) + d)
+ 4
+
     
5
5
Figure 18. Evaluation of Rotational Bracket on a Link L5
A B
C D
ABACDBDC All crossings are odd crossings.
Parity State is
Irreducible
Figure 19. Single State Detection of a Rotational Virtual Knot
moves for consecutive sequences of virtual crossings. A rotational virtual graph is said to
be reduced if there are no simplifying graphical Reidemeister two-moves available on it.
The type two graphical move is illustrated in the third diagram of Figure 20. Note that
the presence of such a move is a combinatorial condition that can be deduced from the
immersion of the graph in the plane. In practice, it may be useful to apply detour moves
to exhibit the possibility of a reduction. Since we are dealing with rotational virtuals
here, a virtual curl on an edge in the graph can obstruct a reduction. For example, the
graph shown in Figure 19 is irreducible.
We define a parity state of a rotational virtual diagram K to be a labeled rotational
virtual graph obtained from K as follows: For each odd crossing in K replace the crossing
by a graphical node. For each even crossing in K replace the crossing by one of its two
possible smoothings, and label the smoothing site by A or A−1 in the usual way. Then
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= A A -1
e
o
+
=
=
P P P
P P
P P
Figure 20. Parity Bracket Expansion
we define the parity bracket by the state expansion formula
〈K〉P =
∑
S
An(S)[S]
where n(S) denotes the number of A-smoothings minus the number of A−1 smoothings and
[S] denotes a combinatorial evaluation of the state defined as follows: In this expansion
reduce each state by graphical Reidemeister two-moves on nodes as shown in Figure 20
and by regular homotopy. The graphs are taken up to virtual equivalence (planar isotopy
plus detour moves on the virtual crossings). Then regard the reduced state as a disjoint
union of standard state loops (without nodes but these may have virtual crossings) and
graphs that irreducibly contain nodes and possibly virtual crossings. With this we write
[S] = (−A2 − A−2)l(S)[G(S)]
where l(S) is the number of standard circular loops in the reduction of the state S and
[G(S)] is the disjoint union of reduced graphs that contain nodes and/or virtual crossings.
In this way, we obtain a sum of Laurent polynomials in A multiplying reduced graphs
as the rotational parity bracket. It is not hard to see that this bracket is invariant under
isotopy and rotational detour moves and that it behaves just like the usual bracket under
the first Reidemeister move. However, the use of parity to make this bracket expand
to graphical states gives it considerable extra power in some situations. For example,
consider the diagram in Figure 19. We see that all the classical crossings in this knot are
odd. Thus the parity bracket is just the graph obtained by putting nodes at each of these
crossings. The resulting graph does not reduce under the graphical two moves, and so we
conclude that this rotational knot is non-trivial and non-classical. Since we can apply the
parity bracket to a flat knot by taking A = −1, we see that this method shows that the
flat rotational version of this knot is non-trivial.
In Figure 21 we show an example knot KS and its parity state expansion in in Fig-
ure 22. The first state reduces to a circle. The second graphical state is irreducible,
proving that KS is a non-trivial rotational virtual knot.
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1 2
3
45
1232454315
Only crossing 3 is even.
Figure 21. A Knot KS With Unit Jones Polynomial
G~
Figure 22. Parity Bracket States for the Knot KS
We end this subsection with a theorem that shows, in principle, how powerful is this
use of parity.
Irreducibility Theorem. Let D be a rotational virtual knot or link diagram with all
odd crossings. Then there is a diagram D′, obtained from D by adding local flat virtual
curls at some arcs of the diagram D, such that the rotational virtual graph G(D′) ob-
tained from D′ by replacing all crossings in D′ by graphical nodes is irreducible in the
sense above. Thus the rotational virtual link D′ is non-trivial. Furthermore, the rota-
tional genus Rg(D′) is equal to g(D′), the genus of the diagram D′, as defined in Section
3.1.
Proof. Note that by placing virtual flat curls at appropriate places on the diagram D to
produce a diagram D′, we can ensure that the graph G(D′) can not be reduced by any
type two moves. This means that the genus for the diagram D′ is minimal among all
diagrams rotationally equivalent to D′. This completes the proof. //
Remark. The example in Figure 19 can be regarded as an example of this theorem
applied to a diagram D that does not have the flat virtual curl between crossings A
and C. In Figure 23 we give an explicit example of placing curls to create an irreducible
diagram. In Figure 24 we give an irreducible graph such that any virtual diagram that
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D
D'
G(D')
1 2 3 4 12341234
All odd crossings.
Irreducible
Knotted
Rotational
Figure 23. All Odd Placement
1 2
3 4
5 6
78
1234356465781872
All odd crossings.
Figure 24. Genus Two
L1
L3
L4
L 2
Figure 25. Parity Link Bracket proves that L1, L2, L3, L4 are all
non-trivial and pairwise distinct.
overlies it (replacing graphical nodes by classical crossings) will have this graph as its par-
ity bracket. In this case the reader can verify that the genus of the diagram is equal to two.
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Remark. The parity invariant generalizes for links by replacing crossings between compo-
nents by graphical nodes (and continuing to reduce the graphs by graphical Reidemeister
Two moves). Thus we find as shown in Figure 25 That all the examples L1, L2, L3 and
L4 of the previous section are non-split links and are distinct from one another in the ro-
tational category. See our paper with Aaron Kaestner [10] for more about parity and links.
Parity is clearly an important theme in virtual knot theory and will figure in many
future investigations of this subject. The type of construction that we have indicated
for the bracket polynomial in this section can be varied and applied to other invariants.
Furthermore the notion of describing a parity for crossings in a diagram is also susceptible
to generalization. For more on this theme the reader should consult [35] and [15] for our
original use of parity for another variant of the bracket polynomial. The irreducibility
theorem illustrates the striking power of parity in that we can use it to find infinitely
many examples of rotational virtual diagrams that are essentially irreducible in the sense
discussed above.
In the next section we will see the general formulation of quantum link invariants and
how the bracket invariant of this section specializes to certain matrix models using cup,
cap and Yang-Baxter operators.
4. Quantum Link Invariants
There are virtual link invariants corresponding to every quantum link invariant of clas-
sical links. However this must be said with a caveat: We do not assume invariance under
the first classical Reidemeister move (hence these are invariants of regular isotopy) and
we do not assume invariance under the flat version of the first Reidemeister move in the
(B) list of virtual moves. Otherwise the usual tensor or state sum formulas for quantum
link invariants extend to this generalized notion of regular isotopy invariants of virtual
knots and links.
In order to carry out this program, we quickly recall how to construct quantum link
invariants in the unoriented case. See [18] for more details. The abstract definition of a
quantum link invariant is usually formulated via a functor from the Tangle Category to
the a category of modules over a commutative ring with unit. Here we use the matrix
forms that are the end result of such a formulation. Thus we build a “statistical mechan-
ics” model by associating matrices to the cup, caps and crossings of a Morse diagram, a
diagram equipped with a height function. To this purpose the link diagram is arranged
with respect to a given “vertical” direction in the plane so that perpendicular lines to
this direction intersect the diagram transversely or tangentially at maxima and minima..
In this way the diagram can be seen as constructed from a pattern of interconnected
maxima, minima and crossings—as illustrated in Figure 26.
As illustrated in Figure 26, we associate symbols Mab and M
ab to maxima and minima
respectively, and symbols Rabcd and R
ab
cd to the two types of crossings. The indices on these
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Figure 26. Quantum Link Invariants
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Figure 27. Quantum Virtual Curl
symbols indicate how they are interconnected. Each maximum or minimum has two lines
available for connection corresponding to the indices a and b. Each R , R has four lines
available for connection. Thus the symbol sequence
T (K) = MafMbeM
ckM lhRabcdR
ef
ghδ
d
l δ
g
k
represents the virtual trefoil knot as shown in Figure 26. Since repeated indices show the
places of connection, there is no necessary order for this sequence of symbols. I call T (K)
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an abstract tensor expression for the virtual trefoil knot K.
By taking matrices (with entries in a commutative ring) for the M ’s and the R’s it
is possible to re-interpret the abstract tensor expression as a summation of products of
matrix entries over all possible choices of indices in the expression. Appropriate choices of
matrices give rise to link invariants. If K is a knot or link and T (K) its associated tensor
expression, let Z(K) denote the evaluation of the tensor expression that corresponds to
the above choice of matrices. We will assume that the matrices have been chosen so that
Z(K) is an invariant of regular isotopy.
Here is the list of the algebraic versions of the topological moves. Move 0 is the can-
cellation of maxima and minima. Move II corresponds to the second Reidemeister move.
Move III is the Yang-Baxter equation. Moves IV and IV ′ express the relationship of
switching a line across a maximum. (There is a corresponding version where the line
is switched across a minimum, but it is a consequence of the other axioms.) Implicit
in this list of moves are the formal identities for manipulating Kronecker deltas such as
δabM
bc = Mac and δab δ
b
c = δ
a
c . Note that in working with abstract tensors, one must obey
the usual substitution rules for indices that one uses in standard tensor calculus. That is,
if an index is replaced at any place in an expression, it must be replaced at all occurrences
of that index. The replacement should be a symbol different from other indices used in
the given expression.
0. MaiMib = δ
a
b
II. RabijR
ij
cd = δ
a
c δ
b
d
III. RabijR
jc
kfR
ik
de = R
bc
ijR
ai
dkR
kj
ef
IV. RaibcMid = MbiR
ia
cd
IV ′. RaibcMid =MbiR
ia
cd
These equations encapsulate the abstract structure of unoriented quantum link invariants,
and correspond to invariance under the moves shown in Figure 28. This reader may enjoy
taking each part of this figure (we have drawn representative cases) and comparing it with
the corresponding abstract tensor equation above.
The generalisation of the quantum link invariant Z(K) to virtual knots and links is
quite straightforward. We simply ignore the virtual crossings in the diagram. Another
way to put this is that we take each virtual crossing to be represented by crossed Kronecker
deltas as in Figure 26. The virtual crossing is represented by the tensor
V abcd = δ
a
dδ
b
c.
Here δab is the Kronecker delta. In a matrix representation δ
a
b is equal to 1 if a = b and
is equal to 0 otherwise. (The Kronecker delta is well defined as an abstract tensor by its
formal properties.)
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II
III
IV
Figure 28. Regular Isotopy with respect to a Vertical Direction
In extending Z(K) to virtual knots and links by this method we cannot hope to obtain
invariance under the type I virtual move. In fact, as Figure 27 shows, the presence of
a virtual curl is indexed by the transpose Mdc of the tensor Mcd. Thus we have defined
virtual rotational isotopy to be invariance under all the extended Reidemeister moves for
virtuals except type (A)I and (B)I. It is easy to see that Z(K) extends in this way when
Z(K) is an invariant of rotational isotopy for classical links.
In particular the bracket polynomial for classical knots and links is obtained by letting
the indices run over the set {1, 2} with Mab = Mab for all a and b and M11 = M22 = 0
while M12 = iA and M21 = −iA
−1 where i2 = −1. Thus
M =
[
0 iA
−iA−1 0
]
.
The R matrices are defined by the equations
Rabcd = AM
abMcd + A
−1δac δ
b
d
R
ab
cd = A
−1MabMcd + Aδ
a
c δ
b
d
These equations for the R matrices are the algebraic translation of the smoothing identi-
ties for the bracket polynomial. Then we have
Theorem With Z(K) defined as above and K a classical knot or link, then
Z(K) = d < K >
where d = −A2 − A−2 and < K > denotes the topological bracket polynomial.
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Proof. See [18].//
For the extension of Z(K) to virtuals there is a state summation similar to that of
the bracket polynomial. For this, let C be a diagram in the plane that has only virtual
crossings. View this diagram as an immersion of a circle in the plane. Let rot(C) denote
the absolute value of the Whitney degree of C as a immersion in the plane. (Since C is
unoriented only the absolute value of the Whitney degree is well-defined.). The Whitney
degree of an oriented plane immersion is the total algebraic number of 2π turns of the
unit tangent vector to the curve as the curve is traversed once. Let d(C) be defined by
the equation
d(C) = (−1)rot(C)(A2rot(C) + A−2rot(C)).
Let S be a state of a virtual diagram K obtained by smoothing each classical crossing
in K. Let C ∈ S mean that C is one of the curves in S. Let < K|S > denote the usual
product of vertex weights (A or A−1) in the bracket state sum. Then
Proposition The invariant of virtual regular isotopy Z(K) is described by the following
state summation.
Z(K) =
∑
S
< K|S >
∏
C∈S
d(C)
where the terms in this formula are as defined above. Note that Z(K) reduces to d < K >
when K is a classical diagram.
Proof. The proof is a calculation based on the tensor model explained in this section.
The details of this calculation are omitted.//
Remark. The state sum in this Proposition generalizes to an invariant of virtual regular
isotopy with an infinite number of polynomial variables, one for each regular homotopy
class of unoriented curve immersed in the 2–sphere. To make this generalization, let dn
for n = 0, 1, 2, 3, ... denote a denumerable set of commuting independent variables. If C
is an immersed curve in the plane, define V ar(C) = dn where n = rot(C), the absolute
value of the Whitney degree of C. We take d1 = −A
2 − A−2 as before, but the other
variables are independent of each other and of A.
Now define the generalisation of Z(K), denoted Z(K), by the formula
Z(K) =
∑
S
< K|S >
∏
C∈S
V ar(C).
In this definition we have replaced the evaluation d(C) by the corresponding variable
V ar(C). The reader will note that this generalization is exactly the rotational version of
the bracket that we have studied in the previous section of this paper.
4.1. The Binary Bracket Polynomial as a Quantum Link Invariant. The reader
will easily verify that the following matrix is a solution to the Yang-Baxter Equation and
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that for unoriented models, as discussed above, the cup and cap operators can be taken
to be the identity matrix.
R =


0 0 0 A
0 A−1 0 0
0 0 A−1 0
A 0 0 0

 .
This 4×4 matrix is viewed as acting upon a tensor product of a two-dimensional space
with itself whose basis indices are 0 and 1. Note that if A is a unit complex number,
then R is a unitary matrix. This makes this matrix of interest in the context of quantum
computing as well as topology. See [3, 24].
The corresponding quantum link invariant (for arbitrary A) satisfies the special bracket
expansion that we have elsewhere [15] called the binary bracket polynomial. Here the re-
sulting invariant of virtual knots and links is also invariant under the first flat virtual
move and so it does not give new information about rotational virtuals. Nevertheless, the
invariant is of interest.
We now describe the binary bracket as a state summation. In this respect, it has almost
exactly the same formalism as the standard bracket polynomial, except that the value of
an unlabeled loop is equal to 2, and the loops in each state are colored with the colors
from the set {0, 1} in such a way that the colors appearing at a smoothing are always
different. This restricts the possible states to a very small number and causes the invariant
to behave differently on virtual links than it does on classical links.
Let K be any unoriented (virtual) link diagram. Define an unlabeled state, S, of K
to be a choice of smoothing for each classical crossing of K. There are two choices for
smoothing a given crossing, and thus there are 2N unlabeled states of a diagram with N
classical crossings. A labeled state is a state S such that the labels 0 (zero) or 1 (one)
have been assigned to each component loop in the state.
In a state we designate each smoothing with A or A−1 according to the left-right
convention shown in Figure 29. This designation is called a vertex weight of the state. We
require of a labeled state that the two labels that occur at a smoothing of a crossing are
distinct. This is indicated by a bold line between the arcs of the smoothing as illustrated
in Figure 29. Labeled states satisfying this condition at the site of every smoothing will
be called properly labeled states. If S is a properly labeled state, we let {K|S} denote
the product of its vertex weights, and we define the two-color bracket polynomial by the
equation:
{K} =
∑
S
{K|S}.
where S runs through the set of properly labeled states of K.
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Figure 29. Bracket Smoothings
It follows from this definition that {K} satisfies the equations
{ } A A-1} }{ {= +
{K ∐O} = 2{K},
{O} = 2.
The first equation expresses the fact that the entire set of states of a given diagram is
the union, with respect to a given crossing, of those states with an A-type smoothing and
those with an A−1-type smoothing at that crossing. In the first equation, we indicate that
the colors at the smoothing are different by the dark band placed between the arcs of the
smoothing. The second and the third equations are clear from the formula defining the
state summation. See Figure 29 for a summary of the conventions for coloring states of
the binary bracket polynomial.
The binary bracket polynomial , {K} = {K}(A), assigns to each unoriented (virtual)
link diagram K a Laurent polynomial in the variable A.
In computing the binary bracket, one finds the following behaviour under Reidemeister
move I:
{ } = A{ },
{ } = A−1{ }.
Theorem. The binary bracket is invariant under regular isotopy for virtual links, and it
can be normalized to an invariant of ambient isotopy by the definition
InvK(A) = A
−w(K){K}(A),
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Figure 30. Right and Left Cups and Caps
where we choose an orientation for K, and where w(K) is the sum of the crossing signs
of the oriented link K. w(K) is called the writhe of K.
Discussion. We have given the basic construction for the state summation for the bi-
nary bracket polynomial for virtual knots. While the quantum link invariant version of
the binary bracket is invariant under the addition or removal of flat virtual curls, the state
summation for the binary bracket can be generalized to an invariant of rotational virtuals
just as we have done in the previous section for the bracket polynomial. We leave out
the details and examples for this construction, but encourage the reader to explore this
avenue. Many interesting phenomena arise and they will be explored in a separate paper.
5. Oriented Quantum Link Invariants
Slight but significant modifications are needed to write the oriented version of the mod-
els we have discussed in the previous section. See [18], [28], [26], [30]. In this section we
sketch the construction of oriented topological amplitudes.
We include this section of the paper as a basis for further explorations of rotational
virtual link invariants. Essentially all quantum link invariants fit into the framework de-
scribed in this section. We use this description to show the well-known quantum link
invariant models for specializations of the Homflypt polynomial and their rotational gen-
eralizations. We will continue with more examples in a subsequent paper. Here the reader
will find a concise description of the structure of these invariants.
The generalization to oriented link diagrams naturally involves the introduction of right
and left oriented caps and cups. These are drawn as shown in Figure 32 below.
A right cup cancels with a right cap to produce an upward pointing identity line. A
left cup cancels with a left cap to produce a downward pointing identity line.
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Just as we considered the simplifications that occur in the unoriented model by taking
the cup and cap matrices to be identical, lets assume here that right caps are identical
with left cups and that consequently left caps are identical with right cups. In fact, let
us assume that the right cap and left cup are given by the matrix
Mab = λ
a/2δab =M
ab
where λ is a constant to be determined by the situation, and δab denotes the Kronecker
delta. Then the left cap and right cup are given by the inverse of M :
M−1ab = λ
−a/2δab = (M
ab)−1.
We assume that along with M we are given a solution R to the Yang-Baxter equation,
and that in an oriented diagram the specific choice of Rabcd is governed by the local orien-
tation of the crossing in the diagram. Thus a and b are the labels on the lines going into
the crossing and c and d are the labels on the lines emanating from the crossing.
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Figure 31. Oriented Crossings
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Figure 32. Conversion
Note that with respect to the vertical direction for the amplitude, the crossings can
assume the aspects: both lines pointing upward, both lines pointing downward, one line
up and one line down (two cases). See Figure 31.
Call the cases of one line up and one line down the mixed cases and the upward and
downward cases the parallel cases. A given mixed crossing can be converted ,in two ways,
into a combination of a parallel crossing of the same sign plus a cup and a cap. See
Figure 32.
This leads to an equation that must be satisfied by the R matrix in relation to powers
of λ (again we use the Einstein summation convention):
λa/2δaiRcijbλ
−d/2δjd = λ
−c/2δicR
ia
djλ
b/2δjb.
This simplifies to the equation
λa/2Rcadbλ
−d/2 = λ−c/2Rcadbλ
b/2,
from which we see that Rcadb is necessarily equal to zero unless b+ d = a+ c. We say that
the R matrix is spin preserving when it satisfies this condition. Assuming that the R
matrix is spin preserving, the model will be invariant under all orientations of the second
and third Reidemeister moves just so long as it is invariant under the anti-parallel version
of the second Reidemeister move as shown in Figure 33.
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Figure 33. Antiparallel Second Move
This antiparallel version of the second Reidemeister move places the following demand
on the relation between λ and R:
∑
st
λ(s−b)/2λ(t−c)/2RbtasR
cs
dt = δ
a
c δ
b
d.
Call this the R − λ equation. The reader familiar with [7] or with the piecewise linear
version as described in [18] will recognise this equation as the requirement for regular
isotopy invariance in these models.
Remarks and An Example. Note that oriented invariants as described here will not,
in general, be invariant under the flat virtual curl move since we have that the right cap
and left cup are given by the matrix
Mab = λ
a/2δab,
and the left cap and right cup are given by the inverse of M :
M−1ab = λ
−a/2δab.
See Figure 30. This means that, using our usual extension to rotational invariants by
using a permutation operator for virtual crossings will yield non-trivial rotational invari-
ants, just as in the case of the matrix model for the bracket polynomial.
Now view Figure 34 and Figure 35. These figures give the conventions for setting
up spin-preserving R–matrices from an index set I. Each glyph in the first figure is
defined as a combintation of Kronecker deltas in the second figure. The coefficents
A, , B, C,D,A′, B′, C ′, D′ can be specified so that the indicated R–matrices satisfy the
Yang-Baxter equation. In particular, we can take λ = q so that
Mab = q
a/2δab
30 LOUIS H. KAUFFMAN
and
A = q, B = (q − q−1), C = 0, D = 1
and
A′ = q−1, B = 0, C ′ = (q−1 − q), D′ = 1.
With this choice of coeffiecients we obtain, for classical links, a regular isotopy model of
the Homflypt polynomial for each natural number n = 1, 2, 3, · · · , using the index set
In = {−n,−n+ 2, · · · , n− 2, n}. Letting Hn[K](q) denote this model for a fixed value of
n, we have the following behaviour under classical curls (See [18, 28]) and crossings:
Hn[ ] = (q
n+1)H [ ],
Hn[ ] = (q
−n−1)H [ ],
and the (regular isotopy) skein relation
Hn[ ]−Hn[ ] = (q − q
−1)Hn[ ].
By the same token, the model in the last paragraph extends by our procedure to a
Homflypt polynomial for rotational virtuals. Lets call the regular isotopy version of this
invariant by the name RHn[K](q). This is the (natural) roational virtual extension of the
Homflypt polynomial. More work needs to be done with this model. The reader will find
that it does not detect the difference (if there is one) between the links of Figure 14 and
Figure 15 and corresponding unlinks. For such detection we shall perhaps need other
quantum link invariants.
On the other hand there is a very important problem associated with extending the
Homflypt polynomial to virtual knots. It is known [32, 31, 33] that the Khovanov-
Rozansky categorification of the invariants Hn(q) does extend to a well-defined homology
theory for virtual knots and links. This means that the graded Euler characteristic of
this homology theory gives an extension of the Homflypt polynomial to virtual knots and
links. It is not known as of this writing whether such an extension can be achieved using
models of the type discussed here with a modification of the virtual crossing operator (or
some other elementary modification).
In the last paragraph we mention the possibility of modifiying the extensions of the
Homflypt polynomial by modifiying the operator for the virtual crossing. This, in fact, is
exactly what one can do in the case of the Alexander polynomial, obtaining a generalized
Alexander polynomial in the context of quantum link invariants in [21, 22, 23]. This in-
variant can be further modified to a non-trivial invariant of rotational virtuals by using a
standard virtual crossing operator, and we shall investigate that in a sequel to the present
paper.
6. Rotational Virtual Links, Quantum Algebras, Hopf algebras and the
Tangle Category
This section will show how the ideas and methods of this paper fit together with rep-
resentations of quantum algebras (to be defined below), Hopf algebras and invariants of
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Figure 35. Local Matrices
virtual links. We begin with a construction of the virtual tangle category. This category
is a natural generalization of the virtual braid group. A functor from the virtual tangle
category to an algebraic category will form a generalization of representations of virtual
braid groups. This functor is directly related to rotational invariants of virtual knots and
links. The category that we define contains virtual crossings, special elements that satisfy
32 LOUIS H. KAUFFMAN
the algebraic Yang-Baxter equation and also cup and cap operators. The subcategory
without the cup and cap operators and without any (symbolic) algebra elements except
those involved with the algebraic Yang-Baxter operators is isomorphic to the String Cat-
egory of [16].
A word to the reader about this section: In one sense this section is a review of known
material in the form that Kauffman and Radford [19] have shaped the theory of quantum
invariants of knots and three-manifolds via finite-dimensional Hopf algebras. On the other
hand, this theory is generalized here to invariants of rotational virtual knots and links.
This generalization is directly related to the structure of the virtual braid group as de-
scribed in [16]. More directly, the functor F we describe from the virtual tangle category
to the category Cat(A) of a Hopf algebra A, is quite natural, taking the virtual crossings
to permutation operators in the Hopf algebra category. From the point of view of the
Hopf algebra category, the virtual tangle category is its natural topological preimage.
Later in this section we shall show how this approach via categories and quantum al-
gebras illuminates the structure of invariants that we have already described via state
summations. In particular, we show how the link of Figure 15 gets a non-trivial functorial
image, corresponding to its non-trivial rotational bracket invariant. We also show that
the link of Figure 16 has a trivial functorial image. This means that not only is this link
not detected by the rotational bracket polynomial, it is not detected by any quantum
invariant formulated as outlined in this section.
6.1. The Virtual Tangle Category. The advantage in studying virtual knots up to
rotational equivalence is that all quantum link invariants generalize to invariants of rota-
tional equivalence. This means that virtual rotational equivalence is a natural equivalence
relation for studying topology associated with solutions to the Yang-Baxter equation.
Here we create a context by defining the Virtual Tangle Category, V TC, as indicated in
Figure 36. The tangle category is generated by the morphisms shown in the box at the top
of this figure. These generators are: a single identity line, right-handed and left-handed
crossings, a cap and a cup, a virtual crossing. The objects in the tangle category consist
in the set of [n]’s where n = 0, 1, 2, . . . . For a morphism [n] −→ [m], the numbers n and m
denote, respectively, the number of free arcs at the bottom and at the top of the diagram
that represents the morphism. The morphisms are like braids except that they can (due
to the presence of the cups and caps) have different numbers of free ends at the top and
the bottom of their diagrams.
The sense in which the elementary morphisms (line, cup, cap, crossings) generate the
tangle category is composition as shown in Figure 37. For composition, the segments are
matched so that the number of lower free ends on each segment is equal to the num-
ber of upper free ends on the segment below it. The Figure 37 shows a virtual trefoil
as a morphism from [0] to [0] in the category. The tensor product of morphisms is the
horizontal juxtaposition of their diagrams. Each of the seven horizontal segments of the
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Figure 36. Regular isotopy with respect to the vertical direction
figure represents one of the elementary morphisms tensored with the identity line. Con-
sequently there is a well-defined composition of all of the segments and this composition
is a morphism [0] −→ [0] that represents the knot.
The basic equivalences of morphisms are shown in Figure 36. Note that in the type
IV , the moves involving the minimum can be deduced from the other moves, and that
we only indicate representative choices of crossing so that all crossings can be switched in
any move to obtain another legal move. Note that II, III, V are formally equivalent to
the rules for unoriented virtual braids. The zero-th move is a cancellation of consecutive
maxima and minima, and the move IV is a swing move in both virtual and classical
relations of crossings to maxima and minima. It should be clear that the tangle category
is a generalization of the virtual braid group with a natural inclusion of unoriented virtual
braids as special tangles in the category. Standard braid closure and the plat closure of
braids have natural definitions as tangle operations. Any virtual knot or link can be
represented in the tangle category as a morphism from [0] to [0], and one can prove that
two virtual links are virtually regularly isotopic if and only if their tangle representatives
are equivalent in the tangle category. None of the rules for equivalence in the tangle
category involve either a classical loop or a virtual loop. This means that the virtual
tangle category is a natural home for the theory of rotational virtual knots and links.
6.2. Quantum Algebra and Category. Now we shift to a category associated with an
algebra that is directly related to our representations of the virtual braid group. We take
the following definition [18, 19]: A quantum algebra A is an algebra over a commutative
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Figure 37. Virtual trefoil as a morphism in the tangle category
ground ring k with an invertible mapping s : A −→ A that is an antipode, that is
s(ab) = s(b)s(a) for all a and b in A, and there is an element ρ ∈ A ⊗ A satisfying the
algebraic Yang-Baxter equation as in the equation below:
ρ12ρ13ρ23 = ρ23ρ13ρ12.
We further assume that ρ is invertible and that
ρ−1 = (1A ⊗ s) ◦ ρ = (s⊗ 1A) ◦ ρ.
The multiplication in the algebra is usually denoted by m : A⊗A −→ A and is assumed
to be associative. It is also assumed that the algebra has a multiplicative unit element.
The defining properties of a quantum algebra are part of the properties of a Hopf algebra,
but a Hopf algebra has a comultiplication ∆ : A −→ A ⊗ A that is a homomorphism
of algebras, plus a list of further relations, including a fundamental relationship between
the multiplication, the comultiplication and the antipode. In the interests of simplicity,
we shall restrict ourselves to quantum algebras here, but most of the remarks that follow
apply to Hopf algebras, and particularly quasi-triangular Hopf algebras. Information
on Hopf algebras is included at the end of this section. See [19] for more about these
connections.
We construct a category Cat(A) associated with a quantum algebra A. This category is
a very close relative to the virtual tangle category. Cat(A) differs from the tangle category
in that it has only virtual crossings, and there are labeled vertical lines that carry elements
of the algebra A. See Figure 38. Each such labeled line is a morphism in the category.
The virtual crossing is a generating morphism as are the cups, caps and labeled lines. The
objects in this category are the same entities [n] as in the tangle category. This category
is identical in its framework to the tangle category but the crossings are not present
and lines labeled with algebra are present. Given a, b ∈ A we compose the morphisms
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Figure 38. Morphisms in Cat(A)
corresponding to a and b by taking a line labeled ab to be their composition. In other
words, if 〈x〉 denotes the morphism in Cat(A) associated with x ∈ A, then
〈a〉 ◦ 〈b〉 = 〈ab〉.
As for the additive structure in the algebra, we extend the category to an additive category
by formally adding the generating morphisms (virtual crossings, cups, caps and algebra
line segments). In Figure 38 we illustrate the composition of such morphisms and we
illustrate a number of other defining features of the category Cat(A).
In the same figure we illustrate how the tensor product of elements a⊗ b is represented
by parallel vertical lines with a labeling the left line and b labeling the right line. We
indicate that the virtual crossing acts as a permutation in relation to the tensor product
of algebra morphisms. That is, we illustrate that
〈a〉 ⊗ 〈b〉 ◦ P = P ◦ 〈b〉 ⊗ 〈a〉.
Here P denotes the virtual crossing of two segments, and is regarded as a morphism
P : V ⊗ V −→ V ⊗ V (see remark below). Since the lines interchange, we expect P to
behave as the permutation of the two tensor factors.
In Figure 38 we show the notation V for the object [1] in this category and we use
V ⊗ V = [2], V ⊗ V ⊗ V = [3] and so on for all the natural number objects in the
category. We write [0] = k, identifying the ground ring with the “empty object” [0]. It is
then axiomatic that k⊗V = V ⊗ k = V. Morphisms are indicated both diagrammatically
and in terms of arrows and objects in this figure. Finally, the figure indicates the arrow
and object forms of the cup and the cap, and crucial axioms relating the antipode with
the cup and the cap. A cap is regarded as a morphism from V ⊗ V to k, while a cup is
regarded as a morphism form k to V ⊗ V. The basic property of the cup and the cap is
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Figure 39. Diagrammatics of the antipode
the Antipode Property: if one “slides” a decoration across the maximum or minimum in
a counterclockwise turn, then the antipode s of the algebra is applied to the decoration. In
categorical terms this property says
Cap ◦ (〈1〉 ⊗ a) = Cap ◦ (〈sa〉 ⊗ 1)
and
(〈a〉 ⊗ 1) ◦ Cup = (1⊗ 〈sa〉) ◦ Cup.
Here 1 denotes the identity morphism for [0]. These properties and other naturality
properties of the cups and the caps are illustrated in Figure 38 and Figure 39. The
naturality properties of the flat diagrams in this category include regular homotopy of
immersions (for diagrams without algebra decorations), as illustrated in these figures.
In Figure 39 we see how the antipode property of the cups and caps leads to a dia-
grammatic interpretation of the antipode. In the figure we see that the antipode s(a) is
represented by composing with a cap and a cup on either side of the morphism for a. In
terms of the composition of morphisms this diagram becomes
〈sa〉 = (Cap⊗ 1) ◦ (1⊗ 〈a〉 ⊗ 1) ◦ (1⊗ Cup).
Similarly, we have
〈s−1a〉 = (1⊗ Cap) ◦ (1⊗ 〈a〉 ⊗ 1) ◦ (Cup⊗ 1).
This, in turn, leads to the interpretation of the flat curl as an element G in A such that
s2(a) = GaG−1 for all a in A. G is a flat curl diagram interpreted as a morphism in
the category. We see that, formally, it is natural to interpret G as an element of A. In
a so-called ribbon Hopf algebra there is such an element already in the algebra. In the
general case it is natural to extend the algebra to contain such an element.
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Figure 40. Formal trace
6.3. The Basic Functor and the Rotational Trace. We are now in a position to
describe a functor F from the virtual tangle category V TC to Cat(A). (Recall that the
virtual tangle category is defined for virtual link diagrams without decorations. It has
the same objects as Cat(A).)
F : V TC −→ Cat(A)
The functor F decorates each positive crossing of the tangle (with respect to the vertical -
see Figure 41) with the Yang-Baxter element (given by the quantum algebra A) ρ = Σe⊗e
′
and each negative crossing (with respect to the vertical) with ρ−1 = Σs(e)⊗e
′
. The form of
the decoration is indicated in Figure 41. Since we have labelled the negative crossing with
the inverse Yang-Baxter element, it follows at once that the two crossings are mapped to
inverse elements in the category of the algebra. This association is a direct generalization
of our mapping of the virtual braid group to the stringy connector presentation [16].
We now point out the structure of the image of a knot, link or tangle under this functor.
The key point about this functor is that, because quantum algebra elements can be moved
around the diagram, we can concentrate all the image algebra in one place. Because the
flat curls are identified with either G or G−1, we can use regular homotopy of immersions
to bring the image under F of each component of a virtual link diagram to the form of
a circle with a single concentrated decoration (involving a sum over many products) and
a reduced pattern of flat curls that can be encoded as a power of the special element G.
Once the underlying curve of a link component is converted to a loop with total turn
zero, as in Figure 40, then we can think of such a loop, with algebra labeling the loop, as
a representative for a formal trace of that algebra and call it TR(X) as in the figure. In
the figure we illustrate that for such a labeling
TR(ab) = TR(ba),
thus one can take a product of algebra elements on a zero-rotation loop up to cyclic order
of the product. In situations where we choose a representation of the algebra or in the
case of finite dimensional Hopf algebras where one can use right integrals [19], there are
ways to make actual evaluations of such traces. Here we use them formally to indicate
the result of concentrating the algebra on the loop.
One further comment is in order about the antipode. In Figure 42 we show that our
axiomatic assumption about the antipode (the sliding rule around maxima and minima)
actually demands that the inverse of ρ is (s ⊗ 1A) ◦ ρ = (1A ⊗ s) ◦ ρ. This follows
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Figure 41. The functor F : V TC −→ Cat(A)
Figure 42. Inverse and antipode
by examining the form of the inverse of the positive crossing in the tangle category by
turning that crossing to produce an identity between the positive crossing and the negative
crossing twisted with additional maxima and minima. This relationship shows that if we
set the functor F on a right-handed crossing as we have done, then the way it maps
the inverse crossing is forced and that this inverse corresponds to the inverse of ρ in the
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Figure 43. The functor F : T −→ Cat(A) applied to a virtual trefoil
quantum algebra. Thus the quantum algebra formula for the inverse of ρ is forced by the
topology.
In Figure 43 we illustrate the entire functorial process for the virtual trefoil of Figure 37.
The virtual trefoil is denoted by K, and we find that F (K) reduces to a zero-rotation
circle with the inscription e′s(f)s2(e)s3(f ′)G2. We can, therefore, write the equation
F (K) = TR[e′s(f)s2(e)s3(f ′)G2].
Another way to think about this trace expression is to regard it as a Gauss code for the
knot that has extra structure. The powers of the antipode and the power of G keep track
of rotational features in the diagram as it lives in the tangle category up to regular isotopy.
We now see that the mapping of the virtual braid group to the braid group generated
by permutations and string connectors has been generalized to the functor F taking the
virtual tangle category to the abstract category of a quantum algebra. We regard this
generalization as an appropriate context for thinking about virtual knots, links and braids.
The category Cat(A) of a quantum algebra A can be generalized to an abstract category
with labels, virtual crossings, and with stringy connections that satisfy the algebraic Yang-
Baxter equation. Each such stringy connection has a left label e or s(e) and a right label
e′. We retain the formalism of the antipode as a formal replacement for adjoining a label
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Figure 44. First Rotational Link - Non-Trivial Invariants
with a cup and a cap. The resulting abstract algebra category will be denoted by Cat(A).
Since we take this category with no further relations, the functor F : V TC −→ Cat(A)
is an equivalence of categories. This functor is the direct analog of our reformulation of
the virtual braid group in terms of stringy connectors in [16].
6.4. Applying The Functor to Rotational Virtual Links. We now show how this
approach via categories and quantum algebras illuminates the structure of invariants that
we have already described via state summations. In particular, we show how the link
of Figure 15 gets a non-trivial functorial image, corresponding to its non-trivial rota-
tional bracket invariant. We also show that the link of Figure 16 has a trivial functorial
image. This means that not only is this link not detected by the rotational bracket poly-
nomial, it is not detected by any quantum invariant formulated as outlined in this section.
In Figure 44 we apply the functor (to the category of abstract quantum algebras)
to the link L2 of Figure 15. We have already shown that this link is detected by the
rotational bracket. We see from Figure 44 that there is no apparent reduction of the
diagram in abstract quantum algebra category. The juxtaposed algebra elements are not
inverses of one another. Recall that if ρ denotes the algebraic Yang-Baxter element, then
ρ−1 = (s⊗ 1)ρ = (1⊗ s−1)ρ. Such inverses do not occur in this diagram.
On the other hand, in Figure 45 we apply the functor to the link L3 of Figure 16,
and we find that by suitable transfomations of the diagram, the functor will evaluate this
link just as though it were an unlink of the corresponnding components of L3. Thus no
quantum link invarinant of the type considered in this section can detect L3.
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The next two subsections give extra information about Kirby calculus and Hopf alge-
bras. We can, study rotational links up to the equivalence relation generated by the Kirby
calculus. This is a project for another paper.
6.5. Hopf Algebras and Kirby Calculus. In Figure 46 we illustrate how one can use
this concentration of algebra on the loop in the context of a Hopf algebra that has a right
integral. The right integral is a function λ : A −→ k satisfying
λ(x)1A = Σλ(x1)x2
where the coproduct in the Hopf algebra has formula ∆(x) = Σx1 ⊗ x2. Here we point
out how the use of the coproduct corresponds to doubling the lines in the diagram, and
that if one were to associate the function λ with a circle with rotation number one, then
the resulting link evaluation will be invariant under the so-called Kirby move [25]. The
Kirby move replaces two link components with new ones by doubling one component and
connecting one of the components of the double with the other component. Under our
functor from the virtual tangle category to the category for the Hopf algebra, a knot goes
to a circle with algebra concentrated at x. The doubling of the knot goes to concentric
circles labeled with the coproduct ∆(x) = Σx1⊗x2. Figure 46 shows how invariance under
the handle-slide in the tangle category corresponds the integral equation
λ(x)y = Σλ(x1)x2y.
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Figure 46. The Kirby move
It turns out that classical framed links L have an associated compact oriented three
manifold M(L) and that two links related by Kirby moves have homeomorphic three-
manifolds. Thus the evaluation of links using the right integral yields invariants of three-
manifolds. Generalizations to virtual three-manifolds are under investigation [4]. We only
sketch this point of view here, and refer the reader to [19].
6.6. Hopf Algebra. This section is added for reference about Hopf algebras. Quasitri-
angular Hopf algebras are an important special case of the quantum algebras discussed
in this section.
Recall that a Hopf algebra [29] is a bialgebra A over a commutative ring k that has an
associative multiplication m : A ⊗ A −→ A, and a coassociative comultiplication, and is
equipped with a counit, a unit and an antipode. The ring k is usually taken to be a field.
The associative law for the multiplication m is expressed by the equation
m(m⊗ 1A) = m(1A ⊗m)
where 1A denotes the identity map on A.
The coproduct ∆ : A −→ A ⊗ A is an algebra homomorphism and is coassociative in
the sense that
(∆⊗ 1A)∆ = (1A ⊗∆)∆.
The unit is a mapping from k to A taking 1k in k to 1A in A and, thereby, defining an
action of k on A. It will be convenient to just identify the 1k in k and the 1A in A, and
to ignore the name of the map that gives the unit.
The counit is an algebra mapping from A to k denoted by ǫ : A −→ k. The following
formula for the counit dualize the structure inherent in the unit:
(ǫ⊗ 1A)∆ = 1A = (1A ⊗ ǫ)∆.
It is convenient to write formally
∆(x) =
∑
x1 ⊗ x2 ∈ A⊗ A
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to indicate the decomposition of the coproduct of x into a sum of first and second factors
in the two-fold tensor product of A with itself. We shall often drop the summation sign
and write
∆(x) = x1 ⊗ x2.
The antipode is a mapping s : A −→ A satisfying the equations
m(1A ⊗ s)∆(x) = ǫ(x)1A and m(s⊗ 1A)∆(x) = ǫ(x)1A.
It is a consequence of this definition that s(xy) = s(y)s(x) for all x and y in A.
A quasitriangular Hopf algebra [2] is a Hopf algebra A with an element ρ ∈ A ⊗ A
satisfying the following conditions:
(1) ρ∆ = ∆′ρ where ∆′ is the composition of ∆ with the map on A⊗A that switches the
two factors.
(2)
ρ13ρ12 = (1A ⊗∆)ρ,
ρ13ρ23 = (∆⊗ 1A)ρ.
The symbol ρij denotes the placement of the first and second tensor factors of ρ in the
i and j places in a triple tensor product. For example, if ρ =
∑
e⊗ e′ then
ρ13 =
∑
e⊗ 1A ⊗ e
′.
Conditions (1) and (2) above imply that ρ has an inverse and that
ρ−1 = (1A ⊗ s
−1)ρ = (s⊗ 1A)ρ.
It follows easily from the axioms of the quasitriangular Hopf algebra that ρ satisfies the
Yang-Baxter equation
ρ12ρ13ρ23 = ρ23ρ13ρ12.
A less obvious fact about quasitriangular Hopf algebras is that there exists an element
u such that u is invertible and s2(x) = uxu−1 for all x in A. In fact, we may take
u =
∑
s(e′)e where ρ =
∑
e⊗ e′. This result, originally due to Drinfeld [2], follows from
the diagrammatic categorical context of this paper.
An element G in a Hopf algebra is said to be grouplike if ∆(G) = G⊗G and ǫ(G) = 1
(from which it follows that G is invertible and s(G) = G−1). A quasitriangular Hopf
algebra is said to be a ribbon Hopf algebra [27, 19] if there exists a grouplike element
G such that (with u as in the previous paragraph) v = G−1u is in the center of A and
s(u) = G−1uG−1. We call G a special grouplike element of A.
Since v = G−1u is central, vx = xv for all x in A. Therefore G−1ux = xG−1u. We know
that s2(x) = uxu−1. Thus s2(x) = GxG−1 for all x in A. Similarly, s(v) = s(G−1u) =
s(u)s(G−1) = G−1uG−1G = G−1u = v. Thus, the square of the antipode is represented
as conjugation by the special grouplike element in a ribbon Hopf algebra, and the central
element v = G−1u is invariant under the antipode.
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This completes the summary of Hopf algebra properties that are relevant to the last
section of the paper.
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